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Background Parametricity as described by Reynolds [7] is a property of a type system ex-
pressing uniformity of definitions of polymorphic functions. It allows one to reason metathe-
oretically about their behavior, using relational models, to obtain ”theorems for free” [9]. Its
extension to dependent type theory [1], where relations are first-class functions into universes,
make possible to implement parametricity as a metaprogram, translating terms to terms [6].
Nowadays, this translation is used in practical automation frameworks for e.g. reification [4],
data refinement [3] and proof transfer [8, 2].

In this work-in-progress we focus on data generation, rather than theorem generation. We
investigate the question: “How can my proof assistant generate the morphisms of my struc-
tures?” and later “How can my proof assistant generate the category of my structures?” This
question is answered for algebraic structures by rudimentary universal algebra, but we aim to
support a more expressive language for defining structures. In particular we treat structures
which contain new sorts, e.g. partially ordered sets, and higher-order structures such as topo-
logical spaces. We additionally allow the user to provide annotations & la TROCQ [2], since
there is often not a unique appropriate type of morphisms for a structure and the choice should
be surfaced to the user.

Translation The technique we present is based upon binary parametricity translations with
TROCQ annotations [2]. Given a structure, represented as a ROCQ Record type Str with a
single type parameter A, compute its parametricity translation, which in turn is a new record
type Strr with type parameters A and A’, a type-valued relation Ag, and structure instances
S : Str A, S’ : Str A’. Then reparameterize the translation by replacing Az with a function
argument £ : A — A’ and substitute the body of the record using A a a’ := (f a = a’).
The TrROCQ annotations play the role of guiding the translation of sorts; we focus on the
functional, cofunctional and equivalence cases, that is (4,0), (0,4) and (4,4), respectively. A
sort annotated with o translates to @ (or @% if its propositional), which represents a relation
on types (propositions) equipped with data of level a. For example, @}150 P P’ is a relation on
P and P’ equipped with a map P — P’ and a proof that the relation is equivalent to its graph.

In a univalent metatheory, and assuming all types used as structure parameters are ho-
motopy sets, we can reduce the translated records further. In particular, it is possible to
compute the following simplifications, which reduce the worked examples to definitions a user
would naturally write by hand. Contractibility of singletons: the translation of a variable to
arp : £ a = a’ allows us to remove the arguments a’ and ap, replacing their occurences with
f a and refl, respectively. By univalence, we can apply a similar contraction of types related
by a @** relation, and furthermore replace (co)functional relations by graphs of their underly-
ing maps. Remowving equations in A: the translation of the identity type a =4 b is equivalent
to a certain type of identifications in £ b = b’, which has contractible identity types by the
assumption of A being a homotopy set. Removing fields eliminating into appropriately anno-
tated propositional sorts: when a sort is declared as (co)functional, the relation it generates on
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its witnesses corresponds to a graph of an implication. Since the sort is propositional, we have
that its identity types are contractible.

We give three examples of structures for which the framework can generate the desired
type of morphisms. The definition of the structure type and its parametricity translation are
presented side-by-side, with the reduced type of morphisms below.

Monoids consist of two operations and three equations. We are allowed to drop equations
and contract singletons, which gives us the type of monoid homomorphisms Monoidg.

Record Momoid (A : O) := { Record Monoidpr (A A’ Ag)
(M : Monoid A) (M’ : Monoid A’) := {
e : A; er : Arp M.e M’.e;
m: A — A — A; mp : V (x X’ xp : Agp x x°)

yy yr: AR YY),
Ap Mm x y) (M’.m x° y°);
(* ...and laws *) }. (* ...and translations of laws *) }.
Record Monoidy (A A’ £f) (M : Monoid A) (M’ : Monoid A’) := {
eyg : £ M.e = M .e;
mg : Vxy, fMmnxy) =M.m (x) (Ey); }.

Partially ordered types bundle a relation on its elements. Annotating the relation with (4,0)
generates order preserving maps, while (0,4) generates order reflecting maps. The reflexivity
and transitivity laws eliminate into the relation, and antisymmetry eliminates into equality on
A, so we may drop them.

Record Order (A : ) := { Record Orderrp (A A’ AgR)
(0 : Order A) (0’ : Order A’) :={
le : A = A — Prop*?; leg : V (x x> X : Ap x xX7)

Ly yr s ARy YD,
@y (0.1t x y) (0°.1t x° y’);

(* ...and laws *) }. (* ...and translations of laws *) }.
Record Ordery (A A’ f) (0O : Order A) (0’ : Order A’) :={

leg : Vxy, 0.lexy — 0.1le (f x) (fy) }.

Topological spaces are not algebraic structures. By annotating the inner Prop with (4, 4) we
enable contracting away P to P o f, and annotating the outer Prop with (0,4) gives openness
reflecting maps, i.e. continuous maps. Changing the annotation to (4,0) gives open maps
instead. All laws eliminate into witnesses of openness, so they may be removed.

Record Space (A : ) := { Record Spacer (A A’ ApR)
(S : Space A) (8’ : Space A’) := {
open : (A — Prop**) — Prop®?; opengp : V (P P’ Pp : V a a’ ag,

@t (P a) (P’ a’)),
@?;4 (open P) (open’ P’);
(* ...and laws *) }. (* ...and translations of laws *) }.
Record Spacey (A A’ f) (S : Space A) (8’ : Space A’) :={
openy : V P’, S’.open P’ — S.open (P o £); }.

Related and future work The case of generating morphisms of generalized algebraic theo-
ries (GATSs) has been written down by Kaposi et al [5]; however they only consider morphisms
covariant in all sorts. With TROCQ annotations, we allow the user to specify per-sort variances.

The end goal of this work is to implement a metaprogram which generates the morphism
types as sketched above, and a proof that the resulting data forms a category. This is however
not expected to hold for all instances of user-provided annotations.
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