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1 Introduction

A type theory may posses the parametricity property, expressing
well-behavedness of polymorphic functions, stemming from a rela-
tional interpretation [1, 6, 7]. The property has direct applications
to deriving theorems about programs [1, 9] and proof transfer [3, 8].

In dependent type theory, the relational interpretation may be
implemented as a meta-program, translating types to relations and
terms to proofs of relatedness. This translation is usually presented
in a functional style, split between translation of contexts and
translation of terms. This approach has the disadvantage that a
proper implementation of the term translation needs to handle
freshness of variables and thus have access to the context, which is
not obvious from the presentation.

In order to give a description more faithful to the implementation
we use a sequent calculus, as presented for binary parametricity
in Section 2, and in Section 3 we illustrate how it translates to a
logic program integrated with RocgQ using the RocQ-Evp1 library.
The translation of fixpoint from the literature [6] is incomplete
with regard to Rocq reduction rules, and in Section 4 we describe
how to fix it. Furthermore, up to our knowledge there is no version
of the parametricity translation treating record types as first-class
citizens, which we attempt to rectify by dualizing the inductive-
style translation [2] in Section 5. Finally in Section 6 we describe
several works depending on or inspired by this contribution.

2 A sequent calculus for parametricity

Parametricity translations are usually presented in a functional
style: types translate to relations, and terms to their proofs. In
several translation cases, such as in the lambda case

[Ax:At] =Ax:A) (" :A)(xg: [A] xx).[¢]

there is an implicit -* translation which essentially duplicates vari-
ables. To correctly handle freshness of -* and named variables, an
implementation needs to use de Bruijn indices or pass around an
environment, or both in a locally nameless style, as is the case in
the implementation of the PARaMCoqQ plugin [6].

The program [ - || and the implicitly defined -’ can be rephrased
in the sequent-style presentation from Fig. 1. The latter does not
define context translation separately but integrates it to the cases
of A and IT, where freshness of variables can be computed. One may
read the judgment operationally: int ~ t' -
is the input while ¢’ and tg are outputs.

In addition to solving the problems from the functional presen-
tation, this presentation is implementation ready in RocQ-ELPI.

tg the parameter t

3 Rocgq-Erri implementation

Rocg-ELpI is a compatibility layer between Rocg and Evrpi, the
embeddable AProlog interpreter. It provides RocQ with mechanisms
to implement commands and tactics in ELP1, using an encoding of
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Figure 1. Sequent-style binary parametricity translation for CC,,.

Rocg terms and commands in higher-order abstract syntax, suitable
for logic programming.

The heart of the translation is the ternary predicate param/3 on
terms, where (param ¢ ¢’ tg) represents the judgment t ~ t' - tg.
The parametricity context = is replaced by a combination of ELP1
variables and the logical context of ELp1, which supports querying
under assumption that param/3 holds for a triple of terms. This
enables us to remove freshness side-conditions and the ambient
context from the inference rules.

After the above adjustments, the implementation stays extremely
faithful to the form of the inference rules: each inference rule has
a corresponding clause of the param/3 predicate. The clause head
reflects the conclusion of the inference rule, e.g.

param(A X : AT)(A X" : A".T")

AX:AXNAX A X'\ AXg: (Agr x x").xg\ Tr x x" xg) ...

The capital symbols X, A, T and their suffixed forms are ErP1 vari-
ables introduced by the clause head. The lowercase symbols x, x’
and xg are ELp1 variables introduced by the \ binder!. The symbols
A, :and . together form a shorthand for the constructor fun of the
term type in RocQ-ELpI and separating its three arguments.

The body of the clause queries the context for the rule condi-
tions, generates variable names, and mediates between application
of Rocq terms and application of ELp1 functions. For lambda terms,
we first query (param A A’ AR) in the current context. Then we uni-
versally quantify over fresh ELp1 variables x, x” and xg, and under as-
sumption (param x x” xg) query (param (T x) (T’ x")(Tg x x’ xR)).

!In Erp1 the name of the variable comes before the backslash.
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The interactive entrypoint of the library is the dispatch/3 predi-
cate. It expects a global reference representing the name of a top-
level declaration, generates the corresponding parametricity trans-
lation using param/3, adds it to the RocQ environment, and adds a
new clause to param/3. It currently supports translating constants,
the inductive-style translation of inductive types, and translating
record types as explained in Section 5.

4 The fixpoint trick

The translation of fix" f.u, which defines a fixpoint recursively
called f and recursive on the n' variable (counting from 0) of its
body u ought to be as follows

f. f ¢ Var(Z) Ef~f v frrU~U v Ug
Erx"f.U ~ fix"f'.U" " Fg
with Fg :=let f := fix"fauinlet f' := fix"f’ . in fix>" fz.Ug

Figure 2. Naive parametricity translation of fix expressions.

However the fixpoint equation (e.g. (fix! f.U)x = U{f/fix' f.U}x
in simple cases) does not hold in general in Rocg, but only when x’s
head is a constructor. This restriction breaks the abstraction theo-
rem: Fg does not necessarily have type [ ty(f) ]| f f- This breakage
occurs in both toy examples such as the dummy Fixpoint f n := 0,
and real examples such as subtraction of natural numbers.

Our solution consists of systematically inserting a match ex-
pansion at the top of the fixpoint, thus ensuring that the fixpoints
f and f’ occurring in recursive calls of Fg are always applied to
constructors and thus always expand using their fixpoint equation.

5 Record translation

In existing treatments of parametricity translations, records are
not considered, implicitly elaborated to inductive types with one
constructor, or reduced to iterated inductive X types. The issue
with the inductive-style approach is that the result of translating an
inductive type is an indexed inductive type. As such, the translation
cannot be readily represented by a record type. A bespoke treatment
of record types is thus necessary if we want the translation to be a
record type again, potentially with a definitional eta rule.

We approach the translation dually to the inductive one. Recall
that the translation of inductive types ensures that the generated
constructors are well-typed as translations of their corresponding
original constructors. Contrastingly, the translation of the elimina-
tor needs to be defined in terms of the generated eliminator, since
that by itself doesn’t have the correct type. For record types, we
define a translation which constructs a record whose projections
are well-typed as translations of the original projections, but whose
constructor needs to be manipulated to give a translation of the
original constructor.

Note that in the case of inductive types in RocQ, we are able
to treat eliminators of inductive types uniformly, since those are
themselves defined in terms of the syntactic primitive match, and
we give rules to translate generic match expressions. However,
constructors of record types are not defined in terms of the record
literal syntax {| p := _ |}. Instead, record literals are syntactic
sugar for calling the constructors, and they are elaborated before
they are passed to RocQ-Evp1. If the record literal syntax was the
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primitive for constructing record types, than we suspect it would
be possible to treat record construction uniformly as well.

6 Applications

Direct applications. The parametricity plugin described here
has successfully replaced the original parametricity plugin inside
the CoqEAL library [4] and inside a modular proof of correctness
of mergesort based on parametricity [5].

Trocq. The proof transfer framework Trocg [3] is based on an
enhanced version of parametricity translation. Because of the added
complexity of annotations it is implemented using a 4-ary predicate
param/4 and does not plug into the presented implementation. The
principle is the same, however — the translation is presented in
sequent style, which is then expressed as an ELp1 predicate.
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